Abstract. This paper investigates which integers can appear as 2-Selmer ranks within the quadratic twist family of an elliptic curve E defined over a number field K with E(K)[2] ≃ Z/2Z.
Introduction
This paper investigates the integers occurring as 2-Selmer ranks within the quadratic twist family family of a given elliptic curve E. Letting Sel 2 (E/K) denote the 2-Selmer group of E (see Section 2 for the definition), we define the 2-Selmer rank of E/K, denoted d 2 (E/K), by
Definition 1.1. For X ∈ R + , define a set S(X) = {Quadratic F/K : N K/Q f(F/K) < X} where f(F/K) is the finite part of the conductor of F/K. For each r ∈ Z ≥0 define a quantity N r (E, X) by N r (E, X) = {F/K ∈ S(X) :
where E F is the quadratic twist of E by F/K.
The 2-Selmer rank of E serves as an upper bound for the Mordell-Weil rank of E so understanding its distribution within quadratic twist families helps us understand the rank distribution within the This paper is based on work conducted by the author as part of his doctoral thesis at UC-Irvine under the direction of Karl Rubin and was supported in part by NSF grants DMS-0457481 and DMS-0757807. The author would like to express his utmost gratitude to Karl Rubin for the guidance and assistance he provided while undertaking this research.
1 twist family. We are therefore concerned with the limiting behavior of N r (E, X) |S(X)| as X → ∞.
Recent work by Kane, building on work of Swinnerton-Dyer and Heath-Brown showed that if E is defined over Q, E(Q)[2] ≃ Z/2Z × Z/2Z, and E does not have a cyclic 4-isogeny defined over Q, then N r (E, X) |S(X)| tends to an explicit non-zero limit α r for every non-negative integer r such that sum of the α r over r ∈ Z ≥0 is equal to 1 [Kan10] , [SD08] , [HB94] . Additional recent work by this author, Mazur, and Rubin proves that if E(K)[2] = 0 and Gal(K(E[2])/K) ≃ S 3 , then a similar result holds using a different method of counting after correcting by some local factors arising over totally complex fields [KMR11] .
Far less is known about the behavior N r (E, X) |S(X)| for curves with E(K)[2] ≃ Z/2Z and this paper provides a partial answer. Most notably we prove the following:
Theorem 1.1. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z
that does not possess a cyclic 4-isogeny defined over K(E[2]). Then N r (E, X) ≫ X log X for all nonnegative r ≡ d 2 (E/K) (mod 2). If E does not have constant 2-Selmer parity, then N r (E, X) ≫ (iii) If either K has a real place or E has a place of multiplicative reduction, then N r (E, X) ≫ X log X for all r ∈ Z ≥0 or N r (E ′ , X) ≫ X log X for all r ∈ Z ≥0 . (I.E. The choice of E and E ′ for parts (i) and (ii) can be taken to be the same.)
As the 2-Selmer rank of E serves as an upper bound for the rank of E, we are able to prove the following corollaries. Corollary 1.5. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. If either d 2 (E/K) ≡ 0 (mod 2) or E does not have constant 2-Selmer parity, then the number of twists E F of E having Mordell-Weil rank 0 grows at least as fast as X log X .
In order to say something about E having twists of rank one, we need to rely on the following well-known conjecture that is a consequence of the Tate-Shafarevich conjecture. Conjecture 1.6 (Conjecture XT 2 (K)). For every elliptic curve E defined over K, dim F 2 X(E/K) [2] is even.
The 2-Selmer group sits inside the exact sequence 0 → E(K)/2E(K) → Sel 2 (E/K) → X(E/K)[2] → 0.
As dim F 2 E(K)/2E(K) = rank E/K + dim F 2 E(K) [2] , if Conjecture XT 2 (K) holds and d 2 (E/K) = 1, then the Mordell-Weil rank of E will be 1. We can therefore state the following: Corollary 1.7. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. Assuming conjecture XT 2 (K) holds and either d 2 (E/K) ≡ 1 (mod 2) or E does not have constant 2-Selmer parity, then the number of twists E F of E having rank one grows at least as fast as X log X .
Other results similar to Corollaries 1.5 and 1.7 when E(K) 1.1. Layout. We begin in Section 2 by recalling the definition of the 2-Selmer group and presenting a technique developed by Mazur and Rubin to compare the 2-Selmer group of E with that of E F .
Section 3 develops similar machinery for the Selmer group associated with a 2-isogeny of E. In Section 4 we explore what it means for E to have a cyclic 4-isogeny over K and over K(E[2]). We prove Theorem 1.2 in Section 5. Theorem 1.1 is proved Sections 6 and 7. Lastly, in Section 8 we develop techniques specific to curves with cyclic 4-isogenies defined over K(E [2] ) and use them to prove Theorems 1.3 and 1.4.
The proofs of Lemmas 6.2 and 7.1 are simpler in the case where E does not have a cyclic 4-isogeny defined over K(E[2]) than in the case where E acquires a cyclic 4-isogeny over K(E[2]).
We therefore include the proof for the former case in the main text and relegate the proof for latter case to Appendix A. Some of the results in Section 8 require local calculations specific to curves that acquire a cyclic 4-isogeny over K(E [2] ) and some of these calculations appear in Appendix B.
2. The 2-Selmer Group 2.1. Background. We begin by recalling the definition of the 2-Selmer group. If E is an elliptic curve defined over a number field K, then E(K)/2(K) maps into H 1 (K, E[2]) via the Kummer map. The 2-Selmer group of E is a subgroup of H 1 (K, E[2]) that attempts to bound the part of
via the Kummer map for any completion K v of K, and the following diagram commutes for every place v of K, where δ is the Kummer map.
. We define the 2-Selmer group of E/K, denoted
That is, the 2-Selmer group is the group of cohomology class in H 1 (K, E[2]) whose restrictions locally come from points of
The 2-Selmer group is a finite dimensional F 2 -vector space that sits inside the exact sequence of
where X(E/K) is the Tate-Shafaravich group of E.
Definition 2.1. We define the 2-Selmer rank of E, denoted d 2 (E/K), by
One of the ways in which we study the 2-Selmer group of E is by studying the local conditions
The following lemma provides us with a way to do that.
with the isomorphism given by evaluation of cocycles in
Proof. This is Lemma 2.2 in [MR10] .
We would like to examine the behavior of Sel 2 (E/K) under the action of twisting by a quadratic extension.
Definition 2.3. Let E be given by E : y 2 = x 3 + Ax 2 + Bx + C and F/K be a quadratic extension
The quadratic twist of E by F denoted E F is the elliptic curve given by the model
There is an isomorphism
. This allows us to view
). We will study Sel 2 (E F /K) by considering the relationship between
. This relationship is addressed by the following lemma due to Kramer.
Given a place w of F above a place v of K, we get a norm map E(F w ) → E(K v ), the image of which we denote by E N (K v ).
Proof. This is Proposition 7 in [Kra81] and Proposition 5.2 in [MR07] . The proof in [MR07] works even at places above 2 and ∞.
This equality gives rise to the following lemma:
Lemma 2.5. Let E be an elliptic curve defined over K, v a place of K, and F/K be a quadratic extension. Then
, E has good reduction at v, and v is ramified in F/K. Proof. Part (i) is Lemma 2.10 in [MR10] and part (ii) is Lemma 2.11 in [MR10] .
Lemma 2.6. Suppose E has good reduction at a prime v away from 2 and F/K is a quadratic extension ramified at v. Then E F (K v ) contains no points of order 4. It follows that
Proof. Since E had good reduction at v, v ∤ 2, and F/K is ramified at v, Tate's algorithm gives us that E F has reduction type I * 0 at v. Since E F has additive reduction at c, we have an exact sequence
is the group of points of non-singular reduction on
is isomorphic to the formal group of E F (K v ), and k v is the residue field of K at v. Since k + v and E F 1 (K v ) have no points of order 2, we get that E F 0 (K v ) has no points of order 2. Because E F has reduction type Table 4 .1 in section IV.9 of [Sil94] ). It then follows
The following theorem of Kramer provides an important relationship between the parities of
Theorem 2.7 (Kramer).
Proof. This is Theorem 2.7 in [MR10] ; also see Remark 2.8 there as well.
The following proposition is the main ingredient in the method of Rubin and Mazur. We reproduce it here along with their proof.
Proposition 2.8 (Proposition 3.3 in [MR10] ). Let E be an elliptic curve defined over a number field K. Suppose F/K is a quadratic extension such that all places above 2∆ E ∞ split in F/K,
where ∆ E is the discriminant of some model of E. Let T be the set of (finite) primes p of K such that F/K is ramified at p and
) for all v ∈ T and therefore S T ⊂ Sel 2 (E F /K). This gives us that the sequences
are exact. We therefore get that
We will let d = dim F 2 V F T and show that it satisfies the conditions above.
The last equality follows from Lemma 3.2 in [MR10] . This gives us that
giving us the first condition above.
To get the parity result, we will apply Theorem 2.7. Observe that Lemma 2.4 and part (i) of Lemma 2.5 tell us that dim
) for all v ∈ T . We therefore have that
The φ-Selmer Group
In the setting of Proposition 2.8, if F/K is an extension such that T contains a single prime p, 
given by an integral model over
is then generated by the point P = (0, 0).
Given this model, we are able to define a degree 2 isogeny φ : E → E ′ with kernel C, where E ′ is given by a model y 2 = x 3 − 2Ax 2 + (A 2 − 4B)x and φ is given by φ(x, y) =
, then we get a short exact sequence of G K modules
This short exact sequence gives rise to a long exact sequence of cohomology groups
The map δ is given by δ(Q)(σ) = σ(R) − R where R is any point on E with φ(R) = Q.
In terms of the localization of the 2-Selmer group, we observe that if c ∈ Sel 2 (E/K) comes from H 1 (K, C), then by part (i) of Lemma 2.2, the localization of c at any prime of good reduction will lie in C. We define the φ-Selmer group of E, denoted Sel φ (E/K), to capture the part of Sel 2 (E/K) that comes from H 1 (K, C). We construct Sel φ (E/K) in a manner similar to the construction of
The following diagram commutes for every place v of K.
The group Sel φ (E/K) is a finite dimensional F 2 -vector space and we denote its dimension
By identifying C with µ 2 , we are able to explicitly identify H 1 (K, C) with K × /(K × ) 2 and
Explicitly, with the models as above, the map
for all finite places away from 2 where E has good reduction (see Lemma 4.1 in [Cas65] ).
The isogeny φ on E gives gives rise to the dual isogenyφ on E ′ with kernel
Exchanging the roles of (E, C, φ) and (E ′ , C ′ ,φ) in the above defines theφ-Selmer group of E ′ ,
The following theorem allows us to relate the φ-Selmer group, theφ-Selmer group, and the 2-Selmer group.
Theorem 3.1. The φ-Selmer group, theφ-Selmer group, and the 2-Selmer group sit inside the exact sequence
Proof. This is a well known diagram chase. See Lemma 2 in [FG08] for example.
Duality Between
A second relationship between the φ-Selmer group and theφ-Selmer group arises from a duality between their respective local conditions. Proposition 3.2. The sequence
Proof. This is a well-known result. See Remark X.4.7 in [Sil09] for example.
Lemma 3.3 (Local Duality). For each place v of K there is a local Tate pairing
Q, R is the Weil pairing and R is any pre-image ofR under φ. The subgroups defining the local
Proof. Orthogonality is equation (7.15) and the immediately preceding comment in [Cas65] . Combining this orthogonality with exact sequence (5) gives that
Definition 3.4. The ratio
is called the Tamagawa ratio of E.
Because of the duality in Lemma 3.3, the Tamagawa ratio can be computed using a local product formula.
Theorem 3.5 (Cassels). The Tamagawa ratio T (E/E ′ ) is given by
Proof. This is a combination of Theorem 1.1 and equations (1.22) and (3.4) in [Cas65] .
We further have the following parity condition.
Theorem 3.6 (Dokchitser, Dokchitset).
Proof. This is Corollary 5.8 in [DD11] .
. This can be thought of as identifying both H 1 (K, C) and H 1 (K, C F ) with K × /(K × ) 2 and both
The following four lemmas are an analogue of Lemma 2.5 that allow us to compare
Lemma 3.7. Suppose v is a prime away from 2 where E has good reduction and v is ramified in
Proof. Since v is a prime away from 2,
where B and B ′ are profinite abelian groups of odd order. Since φ has degree 2, we therefore get that
have any points of order 4, yielding the result.
Lemma 3.8 (Criteria for equality of local conditions after twist). If any of the following conditions hold:
(ii) v is a prime away from 2 where E has good reduction and v is unramified in F/K (iii) v is a prime away from 2 where E has good reduction, v is ramified in F/K, and
Proof.
(ii) If v is a prime away from 2 where E has good reduction and v is unramified in F/K, then E F also has good reduction at v. It then follows that both
Since the image of C ′F is generated by ∆ E , E has good reduction at v, and
Exchanging the roles of E and E ′ then gives the result.
Lemma 3.9. Suppose E has good reduction at a prime v away from 2 and F/K is a quadratic
Exchanging the roles of E and E ′ completes the first part of the result. Since F 1 = F 2 , we may write
Lemma 3.10. Suppose E has good reduction at a prime v away from 2 and F/K is a quadratic
Proof. This follows immediately from Lemma 3.7.
Characterization of curves with E(K) ≃ Z/2Z
For the remainder of this paper, we will assume that
, and
The results obtained in this paper are dependent on whether E has a cyclic isogeny defined over
The following result characterizes such curves.
Lemma 4.1. Let E be an elliptic curve defined over K with E(K) ≃ Z/2Z.
(i) E has a cyclic 4-isogeny defined over K if and only if
(ii) E does not have a cyclic 4-isogeny defined over K but acquires a cyclic 4-isogeny over M =
K(E[2]) if and only if
Proof. We begin with the following two observations. First, if R ∈ E(K) with 2R = P , then
Suppose that E has a cyclic 4-isogeny defined over K. Let H = R be a cyclic subgroup of order 4 fixed by G K . Since 2R ∈ E[2] and 2R is fixed by G K , we get that 2R = P . We will show
and take R ∈ E(K) with φ(R) = Q ′ . Since E does not have a cyclic 4-isogeny defined over K, there is some σ ∈ G K such that σ(R) ∈ R = {0, R, P, R + P }. We therefore have that
Further, replacing K by M shows that if E does not have a cyclic 4-isogeny defined over M , then
Now suppose that E does not have a cyclic 4-isogeny defined over K but acquires a cyclic 4-isogeny over M = K (E[2] ). That is, there is a point R ∈ E(K) of order 4 such that R is fixed by G M . If R is a point of order 4 on E such that 2R = P , then φ(R) is a point of order 4 such that 2φ(R) ∈ C ′ . Since M ′ ⊂ K, M ′ being contained in M is equivalent to M being contained in M ′ . By passing to E ′ if necessary, we can therefore assume that 2R = P . We therefore get that
The following corollary follows immediately.
Corollary 4.2. With E as in Lemma 4.1: If E possesses a cyclic 4-isogeny defined over M but not
for all places v of K.
Proof of Theorem 1.2
For the remainder of this paper, we will be assuming that E(K)[2] ≃ Z/2Z and that E does not have a cyclic 4-isogeny defined over K. For simplicity, we will let C = E(K)[2] be generated by a point P and fix a second point Q of order 2 so that E[2] = P, Q .
The proofs of our main theorems are based on constructing an extension F/K ramified at a small number of places in such a fashion that d 2 (E F /K) − d 2 (E/K) may be read off of (1) and (2).
Lemma 5.1. Define S to be the image of
.., σ r ∈ G K such that σ i M = 1 and loc(V ) has dimension r where the localization map
and observe thatṼ has dimension r since V ∩ Image H 1 (K, C) = 0. Take a basis {c 1 , ..., c r } forṼ . Since the image of the dual map G K → Hom(Ṽ , C ′ ) is surjective and has dimension r as well, we can find τ 1 , ..., τ r ∈ G K such that
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Suppose τ i ∈ G M for all i. Then the map G M → Hom(Ṽ , C ′ ) must be surjective as well. So taking any τ ∈ G K − G M , we can therefore find γ 1 , ..., γ r ∈ G M such that
Taking σ i = γ i τ then gives the result.
Otherwise, we have τ k / ∈ G M for some k. Define σ 1 , ..., σ r by
We then get that
which means that the localization map is injective on V giving us the result.
The following proposition is a consequence of Lemma 5.1 that will be used to prove Theorem 1.2.
Proposition 5.2. Let E be an elliptic curve over a number field K with
Proof. Pick R ∈ E(K) such that 2R = P . Since E does not have a cyclic 4-isogeny over K, there exists some τ ∈ G K such that τ (R) ∈ R = {0, R, P, R + P }. Lettingc 0 be the co-cycle
given by c 0 (σ) = σ(R) − R for σ ∈ G K , we see that c 0 (τ ) ∈ C and therefore that the element of Sel 2 (E/K) coming from P does not come from H 1 (K, C). By Lemma 5.1, we may
Let N be a finite Galois extension of K containing M K(8∆ E ∞) such that the restriction of = 1, p 1 p 2 has a totally positive generator π ≡ 1 (mod 8∆ E ). Letting F = K( √ π), we get that all places dividing 2∆ E ∞ split in F/K, and p 1 , p 2 are the only primes that ramifiy in F/K.
We then apply Proposition 2.8 with T = {p 1 , p 2 }. Since E has good reduction at p 1 and p 2 , it follows from Lemma 2.2 that
Letting V T be the image of Sel 2 (E/K) under the localization map, we therefore get that V T is contained in the one dimensional diagonal subspace of
By Proposition 2.8, we then get that
Next, observe that if we fix p 1 , we still have complete liberty in choosing p 2 subject to the conditions on its Frobenius. The Chebotarev density theorem then gives the result.
Proof of Theorem 1.2. We follow the proof of Theorem 1.4 in [MR10] . Suppose
. Since possession of a cyclic 4-isogeny defined over K is fixed under twisting, E F does not possess a cyclic isogeny of degree 4 defined over K. The result then follows from applying Proposition 5.2 to E F .
Twisting to Decrease Selmer Rank
As shown in the proof of Proposition 5.2, Lemma 5.1 allows us to effectively use Lemma 2.8 as long as the image of Sel φ (E/K) in Sel 2 (E/K) is not too large. The following proposition provides another example of this.
Proposition 6.1. Let E be an elliptic curve defined over a number field K such that E(K)
we can therefore find a 3-dimensional F 2 -subspace V ⊂ Sel 2 (E/K) such that V ∩ S = 0. Pick γ 1 , γ 2 , γ 3 ∈ G K as in Lemma 5.1 and set γ 4 = (γ 1 γ 2 γ 3 ) −1 .
Let N be a finite Galois extension of K containing M K(8∆ E ∞) such that the restriction of Sel 2 (E/K) to N is zero. Choose 4 primes p 1 , p 2 , p 3 , and p 4 not dividing 2 such that E has good reduction and each p i and Frob p i N = γ i N for i = 1, ..., 4. Since γ 1 γ 2 γ 3 γ 4 K(8∆ E ∞) = 1, the ideal p 1 p 2 p 3 p 4 has a totally positive generator π with π ≡ 1 (mod 8∆ E ∞).
follows that all places dividing 2∆ E ∞ split in F/K, and p 1 , p 2 , p 3 , and p 4 are the only primes that ramify in F/K.
We can therefore apply Proposition 2.8 with T = {p 1 , p 2 , p 3 , p 4 }. Since none of γ 1 , γ 2 , γ 3 were trivial on M , it follows that γ 4 M = 1 as well. Since E has good reduction at each of the p i , it follows from part (ii) of Lemma 2.2 that
/C and that the localization map
showing that (0, 0, 0, Q) ∈ V T and there that V T has dimension exactly 3. Proposition 2.8 therefore gives that
The key observation to using Proposition 6.1 to obtain twists of E with reduced 2-Selmer rank is realizing that the size of the image of Sel φ (E/K) in Sel 2 (E/K) can be controlled effectively.
Lemma 6.2. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. If both d φ (E/K) > 1 and dφ(E ′ /K) > 1, then E has a quadratic twist E F such that
Proof. We will present the proof for the case when E does not have a cyclic 4-isogeny defined over M here and refer to the reader to Appendix A for the proof when E acquires a cyclic 4-isogeny over M . The requirement that dφ(E ′ /K) > 1 is required only in that latter case.
Suppose E does not have a cyclic 4-isogeny defined over M . Pick R ∈ E(K) such that 2R = P .
Since E does not have a cyclic 4-isogeny over M , there exists some τ ∈ G M such that τ (R) ∈ R = {0, R, P, R + P }. Letting c 0 be the co-cycle c 0 :
for σ ∈ G K , we see that τ (φ(R)) = φ(R) since c 0 (τ ) ∈ C = ker φ. Recalling that φ(R) ∈ E ′ [2] from the proof of Lemma 4.1, this shows that τ does not fix E ′ [2] and therefore that τ M ′ = 1. = 1, p 1 p 2 has a totally positive
, we get that all places dividing 2∆ E ∞ split in F/K, and that p 1 and p 2 are the only primes that ramify in F/K.
We now apply Proposition 2.8 with T = {p 1 , p 2 }. Since E has good reduction at p 1 and p 2 , it
and that the localization map loc T : As b ∈ Sel φ (E/K), we may view it as an element of Sel 2 (E/K). Taking any co-cycleb representing b, we get thatb(γ) = 0 since γ N b = 1 and thatb(γ) ∈ C since b ∈ H 1 (K, C). By design, c 0 (γ) ∈ C.
As c 0 represents the element of Sel 2 (E/K) coming from P , we therefore get that V T is the entire two-
By Lemma 3.10, Sel φ (E F /K) ⊂ Sel φ (E/K). Since p 1 was chosen that so that b did not localize trivially at p 1 and
The case where E has a cyclic 4-isogeny defined over K(E[2]) is proved in Lemma A.3.
We can combine Proposition 6.1 and Lemma 6.2 into the following Proposition.
Proposition 6.3. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K and let t = max{0, ord 2 T (E/E ′ )}. If
In the special case where
Proof. We can iteratively apply Lemma 6.2 until we end up with a twist E F 1 of E with either
and we can apply Proposition 6.1 to E F 1 , letting E F be the result of doing so.
and are able to apply Proposition 6.1 to E F 1 , letting E F be the result of doing so.
Twisting to Increase Selmer Rank
We are also able to utilize the φ-Selmer group to construct a twist
Lemma 7.1. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. Then E has a twist E F with
Proof. This is proved here for curves that do not have a cyclic 4-isogeny defined over K(E[2]) and proved for curves that acquire a cyclic 4-isogeny over K(E[2]) in Appendix A. The proof in the appendix works for both types of curves, but the proof presented here for curves that do not have a cyclic 4-isogeny defined over K(E[2]) is far less complex.
Suppose that E does not have a cyclic 4-isogeny defined over M . By Lemma 4.1, M and M ′ are disjoint quadratic extensions of K. We may therefore find σ ∈ G K such that σ M = 1 and σ M ′ = 1.
Let N be a finite Galois extension of K containing M M ′ and the ray class field K(8∆ E ∞) such that the restriction of Sel 2 (E/K) to N is trivial. Let p 1 and p 2 be primes of K away from 2 where E has good reduction such that Frob p 1 in Gal(N/K) is the conjugacy class of σ N and Frob p 2 in Gal(N/K) is the conjugacy class of σ −1
= 1, p 1 p 2 has a totally positive generator π ≡ 1 (mod 8∆ E ). Letting F = K( √ π), we get that all places dividing 2∆ E ∞ split in F/K, and that p 1 and p 2 are the only primes that ramifiy in F/K.
/C, where the isomorphism is given by evaluation at F rob p i . Applying Proposition 2.8 with T = {p 1 , p 2 }, we get that the localization map loc T :
giving that c(γ) = c(γ −1 ). Letting V T be the image Sel 2 (E/K) under the localization map, we therefore get that V T is contained in the one-dimensional diagonal subspace of E[2] × E[2]. By Proposition 2.8, we then get
Since all places dividing 2∆ E ∞ split in F/K, Proposition 3.8 gives that
Plugging this into the product formula for the Tamagawa ratio in Theorem 3.5 gives T (E F /E F ′ ) = 4T (E/E ′ ).
We now iteratively apply this process until we obtain a twist such that either
The case where E acquires a cyclic 4-isogeny over K(E[2]) is dealt with in Lemma A.4 and Corollary A.5.
If E does not have a cyclic 4-isogeny defined over M , then by Lemma 4.1, E ′ (K)[2] ≃ Z/2Z and E ′ does not have a cyclic 4-isogeny defined over M ′ . Therefore, by swapping the roles of E and E ′ and iterating the process in the above proof of Theorem 7.1, we are able to find a twist E F of
. This observation allows us to prove Theorem 1.1.
Proof of Theorem 1.1. By the above observation, we may replace E with a twist such that T (E/E ′ ) ≤ 1. Iteratively applying Proposition 6.3 to E, we get a twist of E with 2-Selmer rank r for every 0 ≤ r < d 2 (E/K) with r ≡ d 2 (E/K) (mod 2). Iteratively applying Lemma 7.1 to E, we get a twist of E with 2-Selmer rank r for every r > d 2 (E/K) with r ≡ d 2 (E/K) (mod 2). Theorem 1.2 then gives the result.
Further, if E does not have constant 2-Selmer parity, then we obtain the result by first replacing E with a twist E F such that d 2 (E F /K) ≡ d 2 (E/K) (mod 2) and proceeding with exactly the same argument.
Curves which acquire a cyclic 4-isogeny over K(E[2]).
For the following section we will let r 1 be the number of real places of K and r 2 be the number of complex places of K.
8.1. Local conditions for curves which acquire a cyclic 4-isogeny over K (E[2] ). Because of Corollary 4.2, the local conditions for the φ-Selmer group of a curve that does not have a cyclic 4-isogeny defined over K but acquires one over K(E[2]) satisfy much stronger conditions than those curves without a cyclic 4-isogeny defined over K (E[2] ). Some of these restrictions have been previously been shown in [Kla11] and we simply note those here. Because of the technical nature of these results, we leave much of the work to Appendix B.
For this section, we will assume that E is a curve with E(K)[2] ≃ Z/2Z that does not have a cyclic 4-isogeny defined over K but acquires one over K (E[2] ).
Lemma 8.1. If E has additive reduction and a place v ∤ 2, then H 1 φ (K v , C) and
Proof. This is Lemma 3.3 in [Kla11] .
Proof. If E is given by a model y 2 = x 3 + Ax 2 + Bx, then E F is given by a model y 2 = x 3 + uAx 2 + u 2 Bx. The result then follows from Lemma B.1
Proof. The proof appears in Appendix B.
Lemma 8.4. If v is a non-complex places of E, then there exists a quadratic (or trivial) extension
Proof. This is a combination of 
, this will not alway be possible if E has a cyclic 4-isogeny defined over K. However, we are able to prove the following:
Lemma 8.5. If E is an elliptic curve defined over K that does not have a cyclic 4-isogeny defined over K but acquires one over K(E[2]), then E has a quadratic twist E F such that ord 2 T (E F /E ′F ) ≤ r 2 . Further, if E does not have constant 2-Selmer parity, then E has a quadratic twist
Proof. By Lemma 8.4, we can find a quadratic (or trivial ) extension F w of each completion K v of
We can use an idelic construction to combine this local behavior into an single global extension.
Define an idele x of K by x = (x v ), where x v is an element of K v such that F w is given by is γ, then p is principal with a generator π such that K v ( √ π) = F w for every non-complex place
where the inequality follows from the fact that
2 and the first equality further following from the fact that dim
By Theorem 3.6, if E does not have constant 2-Selmer parity, there must be some twist E L of E such that ord 2 T (E/E ′ ) ≡ ord 2 T (E L /E ′L ) (mod 2) and therefore some place v 0 such that
where E L has additive reduction and it therefore follows that
Let d be the formal product of all places v above ∆ E ∞ and let γ ′ = [y, M K(8d)] be the image of y under the global Artin map. If we take a prime
is γ ′ , then p ′ is principal. Let π ′ be a generator of p ′ and set
(mod 2). Theorem 3.6 then shows that
, completing the result.
Remark 8.6. As the result in [Kla11] was shown by exhibiting an infinite family of curves with ord 2 T (E F /E ′F ) ≥ r 2 for every curve E and quadratic extension F/K, Lemma 8.5 is the best such result we can hope for without further conditions on E.
We are now able to prove Theorem 1.3.
Proof of Theorem 1.3. By Lemma 8.5, we may replace E with a twist such that ord 2 T (E F 1 /E ′F 1 ) ≤ r 2 . Iteratively applying Proposition 6.3 to E F 1 , we get a twist of E with 2-Selmer rank r for
Iteratively applying Lemma 7.1 to E F 1 , we get a twist of E with 2-Selmer rank r for every r ≥ d 2 (E F 1 /K) with
. If E does not have constant 2-Selmer parity, then we can additionally
Iteratively applying Proposition 6.3 to E F 2 , we get a twist of E with 2-Selmer rank r for every
Iteratively applying Lemma 7.1 to E F 2 , we get a twist of E with 2-Selmer rank r for every r
(mod 2). Theorem 1.2 applied to all of these twists then gives the result.
Proof of Theorem 1.4. Parts (i) and (ii) of Theorem 1.4 are largely a consequence of the fact that
However, proving part (iii) additionally relies on techniques similar to those used to prove Lemma 8.5.
Therefore, by possibly exchanging the roles of E and E ′ , we may assume that T (E/E ′ ) ≤ 1. Iteratively applying Proposition 6.3 to E we get a twist of E with 2-Selmer rank r for every 0 ≤ r < d 2 (E/K) with r ≡ d 2 (E/K) (mod 2). Iteratively applying Proposition A.5 to E we get a twist of E with 2-Selmer rank r for every r > d 2 (E/K) with r ≡ d 2 (E/K) (mod 2). Part (i) then follows from applying Theorem 1.2.
If E does not have constant 2-Selmer parity, then we can find a twist
To show (iii), we use an idelic argument to show that if E has such a place, then E has a twist
Let v 0 be a place of K such that either v 0 is real or E has multiplicative reduction at v 0 . Pick 
then p is principal with a generator π.
By the product formula in Theorem 3.5, we therefore get that
If v 0 is a real place, then Lemma 8.2 gives that exactly one of H 1 φ (K v 0 , C) and H 1 φ (K v 0 , C F ) has F 2 -dimension one and that the other has F 2 -dimension zero. If v 0 is a place where E has multiplicative reduction, then exactly one of E and E F has split multiplicative reduction at v 0 and the other has non-split multiplicative reduction at v 0 . Applying Lemma 8.3, we therefore get
We can therefore insist that the choice of E or E ′ that gives the even parities in part (ii) be the same as the choice of E or E ′ that gave the odd parities.
Proof of Corollary 1.5. If either d 2 (E/K) ≡ 0 (mod 2) or E does not have constant 2-Selmer parity, then Theorem 1.1 and Theorem 1.4 imply that either
. As E and E ′ have the same Mordell-Weil rank, the result follows.
Proof of Corollary 1.7. If either d 2 (E/K) ≡ 1 (mod 2) or E does not have constant 2-Selmer parity, then Theorem 1.1 and Theorem 1.4 imply that either N 1 (E/K, X) ≫ X (log X) or N 1 (E ′ /K, X) ≫ X (log X) . Assuming conjecture XT 2 (K) holds, then all curves with 2-Selmer rank one have MordellRank one. As E and E ′ have the same Mordell-Weil rank, the result follows.
APPENDICES
Appendix A. Proofs of Lemmas 6.2 and 7.1 when E acquires a cyclic 4-isogeny
A.1. Generalized Selmer Structures. An important part of the proofs of Lemmas 6.2 and 7.1 can be thought of most naturally in terms of Selmer structures. We outline the relevant parts of theory below.
Let K be a number field and A a G K -module. For each finite place v of K, define the unramified
where K ur v is the maximal unramified extension of K v .
Definition A.1. A Selmer structure F for A is a collection of local cohomology subgroups
for all but finitely many places v. We define the Selmer group associated to the Selmer structure F, denoted H 1
Let A be a finitely generated G K -module ramified at a finite set of primes. Define the Cartier dual A * of A as A * = Hom(T, µ p ∞ ). For a place v of K we have a perfect bilinear Tate pairing
arising from the cup-product pairing. If F is a Selmer structure on A, then we define a dual Selmer structure F * on A * by setting H 1
where ⊥ is taken with respect to the Tate pairing.
If F 1 and F 2 are Selmer structures, we say 
are exact where the sum is taken over all places v such that H 1
(ii) The images of the right hand maps are orthogonal complements with respect to the sum of the local Tate pairings.
Proof. The first part follows immediately from the definition of Selmer structures. The second is part of Poitou-Tate global duality; see Theorem I.4.10 in [Mil06] for example.
Both the 2-Selmer and φ-Selmer groups arise from Selmer structures. In the case of the 2-Selmer 
that does not possess a cyclic 4-isogeny defined over K but acquires one over K(E[2]). If both
. We begin by recalling that K(E ′ [2]) = M by Lemma 4.1 and that
Pick R ∈ E(K) with 2R = P and define a co-cycle c 0 :
for σ ∈ G K and recalling that φ(R) ∈ E ′ [2], we see that c 0 (σ) ∈ C for all c ∈ G M and we therefore get that γ 1 ∈ G M .
does not come from C ′ and thatb does not come from C.
Take N b = K Kerb and Nb = K Kerb . Since b does not come from C ′ andb does not come from C, N b and Nb are (not necessarily distinct) quadratic extensions of K different from M . We can therefore find γ 2 ∈ G K such that γ 2 M = 1, γ 2 N b = 1, and γ 2 Nb = 1. Set γ 3 = (γ 1 γ 2 ) −1 ∈ G K and observe that γ 3 M = 1.
Let N be a finite Galois extension of K containing M K(8∆ E ∞) such that the restrictions of Sel 2 (E/K), Sel φ (E/K), and Selφ(E ′ /K) to N are zero. Choose 3 primes p 1 , p 2 , and p 3 not dividing 2 such that E has good reduction at each p i and Frob p i N = γ i N for i = 1, ..., 3.
Since γ 1 γ 2 γ 3 K(8∆ E ∞) = 1, we get that p 1 p 2 p 3 has a totally positive generator π with π ≡ 1
, we get that all places dividing 2∆ E ∞ split in F/K, and that p 1 , p 2 , and p 3 are the only primes that ramify in F/K.
We now apply Proposition 2.8 with T = {p 1 , p 2 , p 3 }. Since E has good reduction at p 1 , p 2 , and
/C and that the localization map loc T :
, we may view it as an element of Sel 2 (E/K). Viewing b as a co-cycle, we get that b(γ 2 ) = 0 since γ 2 N b = 1 and that b(γ 2 ) ∈ C since b ∈ H 1 (K, C). Let V T be the image Sel 2 (E/K) under the localization map. By design, c 0 (γ 1 ) ∈ C. As c 0 represents the element of Sel 2 (E/K) coming from P , we therefore get that V T has dimension at least 2 in the
. Noting further that if c is a co-cycle representing an element of H 1 (K, E[2]), then we have
we get that (Q, 0, 0) ∈ V T , so that V T has F 2 dimension at most 3. Proposition 2.8 therefore gives
. Define strict and relaxed Selmer groups Z T and Z T as
T and Z T * are the Selmer groups associated to the dual Selmer structures for Z T and Z T respectively.
We now apply Theorem A.2 to the Selmer structures defining Z T and Z T , getting that
are exact and that the images of the right hand sides are exact orthogonal complements with respect to the local Tate pairing. This means that dim
has F 2 dimension 1 by Lemma 3.9, the product formula in Lemma 3.5 gives us that T (E F /E ′F ) = T (E/E ′ ).
A.3. Proof of Lemma 7.1. Lemma A.4. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. Then E has a twist E F with
Proof. This lemma is proved by finding two quadratic extension F 1 /K and F 2 /K such that the Selmer structures for Sel φ (E F 1 /K) and Sel φ (E F 2 /K) differ from each other and from the Selmer structure for Sel φ (E/K) at a single place p. We are then able to show that exactly one of the twists E F 1 and E F 2 of E has the same φ-Selmer rank as E and that the other twist has φ-Selmer rank one greater that the φ-Selmer rank as E.
. As E does not have a cyclic 4-isogeny defined over K, part (i) of Lemma 4.1 gives us M ′ = K, and we can therefore find γ ∈ Gal(M M ′ /K) such that γ M = 1 and γ M ′ = 1. Let N be any finite extension of M M ′ that is Galois over K such that the restrictions of Sel 2 (E/K), Sel φ (E/K), and Selφ(E ′ /K) to N are trivial. Choose σ 1 ∈ Gal(N K(8∆ E ∞)/K) such that σ 1 M M ′ = γ. Now choose two primes, q 1 and q 2 away from 2∆ E such that F rob q 1 N K(8∆ E ∞) = σ 1 and F rob q 2 N K(8∆ E ∞) = (σ 1 ) −1 . As F rob q 1 F rob q 2 K(8∆ E ∞) = 1, we get that q 1 q 2 has a totally positive generator π ′ with π ′ ≡ 1(mod 8∆ E ). Define L = K( √ π ′ ).
Now take σ 2 ∈ Gal(N LK(8∆ E ∞)/K) such that σ 2 N K(8∆ E ∞) = 1 and σ 2 L = 1. Since p 1 and p 2 are ramified in L/K and not in N K(8∆ E ∞)/K, we have L ∩ N K(8∆ E ∞)/K = K and we can therefore always find such a σ 2 . Let p be any prime away from 2∆ E q 1 q 2 such that the image of F rob p in Gal(N LK(8∆ E ∞)/K) is σ 2 . As F rob p in Gal(K(8∆ E ∞)/K) is trivial, p has a totally positive generator π with π ≡ 1 (mod 8∆ E ).
Define quadratic extensions F 1 /K and F 2 /K by F 1 = K( √ π) and F 2 = K( √ ππ ′ ). Observe that all places above 2∆ E ∞ split in both F 1 /K and F 2 /K. The only prime ramified in F 1 /K is p and the only primes ramified in F 2 /K are q 1 , q 2 , and p.
We then apply Proposition 2.8 to E F 1 and E F 2 with T 1 = {p} and T 2 = {q 1 , q 2 , p} respectively. Since the images of F rob q 1 and F rob for σ ∈ G K , we see that c 0 (σ) ∈ C if and only if φ(R) is fixed by σ. As φ(R) ∈ E ′ [2] − C ′ and σ 1 M ′ = 1, we therefore see that c 0 (σ) ∈ C. As c 0 represents the element of Sel 2 (E/K) coming from C, we therefore get that loc T 2 (Sel 2 (E/K)) = (Q, Q, 0) . By Proposition 2.8, we then get that
By Lemma 3.8, the local conditions away from p for both Sel φ (E F 1 /K) and Sel φ (E F 2 /K) are identical to those for Sel φ (E/K). Set T = {p} and define strict and relaxed Selmer groups Z T and Observe that Z T ⊂ Sel φ (E/K), Sel φ (E F /K) ⊂ Z T and Z T * ⊂ Selφ(E ′ /K), Selφ(E ′F /K) ⊂ Z * T , where Z * T and Z T * are the Selmer groups associated to the dual Selmer structures for Z T and Z T respectively. Moreover, as the image of F rob p in Gal(N/K) is trivial, we get that res p (Sel φ (E/K)) is trivial, showing that Sel φ (E/K) = Z T . Similarly, Selφ(E ′ /K) = Z T * .
Since σ 2 M M ′ = 1 we have both E(K p )[2] ≃ Z/2Z × Z/2Z and E ′ (K p )[2] ≃ Z/2Z × Z/2Z. As F rob p is non-trivial in L = K( √ π ′ ), we get that p doesn't split in L and therefore x 2 −π ′ is irreducible mod p which means that π ′ ∈ (K × p ) 2 . Locally, we therefore get that F 1 and F 2 give different ramified extensions of K p . By Lemma 3.9, we therefore get that H 1 (K p , C) are H 1 φ (K p , C F 1 ), H 1 φ (K p , C F 2 ), and H 1 u (K p , C) are the three distinct one-dimensional subspaces of H 1 (K p , C). We now apply Theorem A.2 to the Selmer structures defining Z T and Z T , getting that
are exact and that the images of the right hand sides are exact orthogonal complements in H 1 (K p , C).
This means that dim F 2 Z T /Z T + dim F 2 Z * T /Z T * = 2. As Sel φ (E/K) and Selφ(E ′ /K) restrict trivially into H 1 (K p , C) and H 1 (K p , C ′ ) respectively and both dim F 2 Z T /Sel φ (E/K) and dim F 2 Z * T /Selφ(E ′ /K) are less than or equal to 1, it follows that neither Z T surjects onto H 1 (K p , C) nor Z * T surjects onto H 1 (K p , C ′ ). This means that both Z T /Z T and Z * T /Z T * have F 2 dimension 1 and therefore res p (Z T ) is a dimension 1 subspace of H 1 (K p , C).
Since Z T = Sel φ (E/K), res p (Z T ) must be either H 1 φ (K p , C F 1 ) or H 1 φ (K p , C F 2 ). Choosing F from among F 1 and F 2 such that res p (Z T ) = H 1 φ (K p , C F ), we get that Z T = Sel φ (E F /K). We therefore get that d φ (E F /K) = d φ (E/K) + 1.
Finally, since H 1 φ (K p , C F ) has F 2 dimension 1 by part (ii) of Lemma 3.9, the product formula in Lemma 3.5 gives us that T (E F /E ′F ) = T (E/E ′ ).
Corollary A.5. Let E be an elliptic curve defined over a number field K with E(K)[2] ≃ Z/2Z that does not possess a cyclic 4-isogeny defined over K. Then E has a twist E F with d 2 (E F /K) = 
